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I. INTRODUCTION 
A variety of exact analytical methods have been developed for the solution 
of the monoenergetic neutron transport equation for the slab geometry. The 
Wiener-Hopf method [l] and Case’s singular eigenfunction expansions [2] 
arc most well-known and successful. Recently Kisewetter [3] and Kobayashi 
[4] have solved the critical problem for a finite slab based on the Fourier and 
Laplace transformation techniques, respectively. Most of methods developed 
so far are suitable for source-free problems. 
The aim of the present paper is to propose a different approach, which 
gives a general solution of the monoenergetic neutron transport equation 
for a finite homogeneous slab with an extraneous neutron source. First we 
Laplace-transform the equation assuming that the solution is identically 
zero outside the slab. This assumption implies that the range of integration 
in the transformation is finite and hence that the transform of the solution 
should by definition be holomorphic in the whole of a complex plane of the 
transformation variable. In contrast to Refs. (3) and (4), where the same 
assumption has been employed, this fact plays a key role in our approach. In 
particular, we will see that the fact leads directly to the solution without 
performance of the inverse Laplace transformation. The proof will be made 
with the extensive aid of both the concept of analytical continuation of 
complex functions and the theory of singular integral equations. The final 
expression of the solution is identical with Case’s solution [2] if the neutron 
source is absent. 
II. LAPLACE TRANSFORMATION ON TRANSPORT EQUATION 
We consider a homogeneous slab of finite thickness with an extraneous 
neutron source. Let us denote by x the position coordinate in the slab in 
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units of the mean free path of the slab and by TV the cosine of the polar angle 
with respect to the positive x-axis. Further let the slab be of thickness CI in 
units of the mean free path and lie in the interval 0 < x < a. Then the 
monoenergetic neutron flux distribution 4(x, r) obeys the transport equation 
for x E (0, a), p E (- 1, I). Here c represents the mean number of secondary 
neutrons per collision whilef(x, CL) the distribution of source neutrons. 
In the present paper we shall agree to seek the solution #(x, CL) satisfying 
following assumptions. 
(I) #(x, p) is summable over (0, u) x (-1, 1). 
(2) ww VYX, P)is summable over (0, a) x (-1, 1) 
(3) &I(x, CL) satisfies the so-called H*-condition [5] as a function of EL. 
A function S&L), -1 < p < 1, is said to satisfy the H*-condition if it is 
Holder-continuous for -1 < 1~ < 1, that is, 
I PW - dP’)l G Ml P - II’ Ial -1 <r<$<l, (2) 
withO<or<l,M>O,andifitisoftheform,near~=~l, 
where ~“01) is Holder-continuous for -1 < p < 1. Due to the assumption 
(2), t&x, p) is absolutely continuous with respect to x, x E [0, a] for almost all TV. 
As forf(x, CL), we assume that 
(1’) it is summable over (0, a) x (-1, 1) and 
(2’) there exist functions fi(x) and fs(x), positive and summable over 
@,a), and 
If@, $1 -f(% r)l <.flw I P - P’ Ia9 -l</L’</&<l, (4) 
f *(x9 PI 
f(x, PI = , tL _ ho JB’ 9 If*(x, CL) --f*(x, l-4 G f2(4l P - CL’ Ia’s 
-1 < P < P’ < 1, (5) 
with 0 < OL, 0~’ < 1, 0 </I’ < 1. 
The assumption (2’) may be taken as a modification of the H*-condition. 
Let us consider Eq. (1) for x E (0, 00) with the assumption l(l(x, ~1) = 0, 
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f(x, p) 3 0 for x > a, and Laplace-transform it. First define Laplace 
transforms, 
$(s, P) = /: e-Wx, 1-4 dx, (6) 
J(s, p) = sl e-+zf(x, P) dx- (7) 
Because of our assumption, the range of integration in Eqs. (6) and (7) are 
finite. This and the assumptions (1) and (1’) then show that Eqs. (6) and (7) 
define entire functions of complex variable s for almost all p Consequently 
we should seek the solution (b(x, p) of Eq. (1) under the condition 
(I) $(s, p) is holomorphic in the whole of the complex s-plane except for the 
point at infinity for almost all CL. 
Beside t&s, I”), it is convenient for our purpose to introduce the Laplace 
transform 
the last step of which is justified by the assumption (1). Evidently, r,&,(s) thus 
defined should follow the condition 
(II) I$&) is holomorphic in the entire s-plane except for s = CO. 
The conditions (I) and (II) are essential in the followings. 
Using Eqs. (6), (7), (8), and taking the assumption (2) into account, we can 
now get from Eq. (l), 
Here (G(0, p) and #(a, cl) describe the neutron flux at slab boundaries x = 0, a 
and are defined by 
The existence of the limits is assured by the assumption (2) and the remark 
given below Eq. (3). Note that +(x,, , p) obey the assumption (3) or the 
H*-condition. 
Now it is a simple algebra to obtain from Eq. (9), 
(11) 
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and in view of Eq. (8), 
The equation (11) g ives, when substituted by Eq. (12), a solution of Eq. (9) 
which is expressed in terms of #(x0 , p). 
According to the condition (I), $(s, p) given by Eq. (11) should be an 
entire function of s so that it may provide the Laplace transform of a solution 
of Eq. (1). The same thing must hold for &,(s) of Eq. (12) due to the condition 
(II). However, we now show that these &s, p) and z&,(s) have in general 
singularities in the s-plane. Let us begin with Eq. (12). 
Consider the integrals of type 
s 1. - 4 -1 1 + SCL 
appearing in Eq. (12). It is clear that these integrals have no definite meanings 
for s E (-00, -I] and [I, co) from an ordinary view point. More precisely, 
we shall see in the following section that each integral defines a function 
holomorphic in the s-plane cut from -co to -1 and from 1 to CO, continuous 
on the cuts from the above and from the below, and bounded near s = f 1 by 
const. 
1 s -so Ia’ (13) 
where s,, = f 1 and 0 < 01 < 1. Consequently t,&,(s) defined by Eq. (12) 
posesses in general the singularity of 
(i) discontinuities on the lines (-00, --I] and [1, co) in the s-plane. 
Beside this singularity, there is another. It is well-known [2] that, if E f 1, 
the denominator in the right hand side of Eq. (12) has two simple zeros 
&(1/v,,) with I v0 I > 1; 
1 -;j’ c=,, 
l I*: 
(14) 
where v0 is either real or pure imaginary in accordance with 0 < c < 1 or 
c > 1. If c = 1, us = cc as a double zero. In the below, we will exclude the 
case c = 1, but it is easy to see that our approach is valid also for this case 
with a slight modification. From Eq. (14), we now conclude the singularity of 
(ii) simple poles at s = *(l/~~). 
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Thus z,&(s) of Eq. (12) d oes not obey in general the condition (II): It is 
holomorphic only in the s-plane deleted by the singularities (i) and (ii). 
However, there is a particular case in which it becomes an entire function. 
Suppose that the following two conditions hold in Eq. (12). 
(A) z,&+(s) = z,&,-(s) for s E (-co, -1) and (1, co). 
(B) The numerator in the right-hand side vanishes at s = &(1/v,,). 
Here Q&,*(S) denote the limits of Z,&,(S) of Eq. (12) as s approaches the cuts 
(--co, -1) and (1, co) from the above (+) and from the below (-). Such 
limits exist since each integral in the right-hand side of Eq. (12) is continuous 
on the cuts from the above and from the below, as stated before. Now we shall 
prove that 3,(s) given by Eq. (12) is holomorphic in the entire s-plane under 
the conditions (A) and (B). 
The condition (B) removes the singularity (ii) since the numerator in the 
right-hand side of Eq. (12) is holomorphic in the neighborhoods of s = &(l/vJ 
and since poles at s = +(1/u,,) are simple. The condition (A) has been intro- 
duced to eliminate the singularity (i). To see this, we note that, owing to the 
aforementioned behaviors of integrals 
s 
1 . 
-1 1 + sp dcL, 
&(s) of Eq. (12) is holomorphic near the cuts (-co, -1) and (1, co), and is 
continuous on the cuts from the above and from the below. Further, let us 
recall the well-known theorem [SJ on analytical continuation of complex 
functions; Let S, and S, be two disjoint domains of the s-plane whose 
boundaries meet along some arc L. The ends of L are not to be included in L. 
Let @r(s) and @a(s) be functions which are holomorphic in S, and S, and 
continuous in S, + L and S, + L, respectively. Then, if @i(s) = @a(s) on L, 
the function Q(s), defined as Q(s) = @i(s) in S, , a(s) = cPz(s) in S, and 
G(s) = @r(s) = @.Js) on L, is holomorphic in S, + S, + L. 
Thus, &(s) of Eq. (12) turns, under the condition (B), holomorphic in the 
neighborhoods of lines (-co, -1) and (1, CO) with the exception of points 
s = +-I. Nears = &l, 
as seen from Eq. (13). The points s = f 1, however, are not singular points 
in Eq. (12). For, since Q&,(S) of Eq. (12) is now holomorphic near s = hl, 
we can expand it in a Laurent series in the neighborhoods of these points. 
But by Eq. (15) th e expansion can no longer contain negative powers. This 
means that the points s = &l are removable singular points and &(s) of 
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Eq. (12), if assigned suitable values at these points, is holomorphic in their 
neighborhoods. Consequently Eq. (12) d e fi nes an entire function if it satisfies 
the conditions (A) and (B). 
Now consider Eq. (11) and apply the conditions (A) and (B) also to it. 
Then the numerator in the right-hand side of Eq. (11) is an entire function 
of s because so is &,(s) of Eq. (12), and hence I&S, EL) given by Eq. (11) can have 
only the singularity of 
(iii) simple pole at s = -(l/p) 
arising from the denominator 1 + sp, unless the numerator vanishes at that 
point. The numerator, however, indeed vanishes at s = --1/p under the 
condition (A), which will be proved in the next section. Therefore the 
singularity (iii) is removable. 
To summarize, the conditions (A) and (B) are necessary and sufficient 
conditions that $(s, CL) and t/+,(s) defined by Eq. (11) and (12) respectively are 
holomorphic in the entire s-plane. In other words, Eqs. (11) and (12) should 
be accompanied by the conditions (A) and (B) in order that they can provide 
the Laplace transform of a solution of Eq. (1). 
III. EQUATION FOR BOUNDARY FLUXES 
In the present section we will examine the conditions (A) and (B) and obtain 
an equation ruling the relation of boundary fluxes #(O, p) and $(u, p). TO 
simplify the discussion we introduce the transformation of variables 
1 .t= --, 
2 $ts, PI = ‘jp(% /-a &I(4 = 4(4, 
and consider the problem in the r-plane, not in the s-plane. Define the func- 
tions of 2, 
Y(z) = & s’, F dp, (17W 
(174 
A(2) = 1 + 7 j.;, --& dp. (174 
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Then Eqs. (11) and (12) can be rewritten as 
@ok) = /qz) --2xiz (N(2) - eaW(2) + F(z)}, (19) 
respectively. 
Let us study the behaviors of functions defined in Eqs. (17). Since they 
involve Cauchy integrals, we can apply to them the well-established theory on 
singular integrals [5], if the numerators of their integrands are subject to the 
H*-condition. The application is straightforward for N(z), Y(z) and d(z), 
since the H*-condition holds for $(x0 , p), x0 = 0, a, by assumption and for 1 
by inspection. On the other hand, we see from Eqs. (4) and (5), 
(21) 
1,: e”?f*(x, P) -f*(x, p’)) dx 1 < tWzl \ p - p’ Ia’ jlf&x) dx. (22) 
Note thatfi(x) and fa( x aresummableover(0, a). Thus, ifz # 0,f [-(l/z),p] ) 
satisfies the H*-condition as a function of CL. 
Referring to the theory of singular integrals, we now list up some properties 
of functions N(z), Y(z), F(z) and A(Z). 
(a) They are holomorphic in the z-plane cut from -1 to 1. 
(b) For z -+ co, 
I N(z)1 > I W)l = 0 (+) ; I @)I < 0 (+ ; 44 - 1 - c. (23) 
(c) Near the ends z. = f 1 of the cut, they are bounded by 
const. 
1 z - z. la ’ (24) 
where0 \CO! < 1. 
(d) The functions IV(z), Y(z) and A( z are continuous on the cut (- 1, 1) ) 
from the above (+) and from the below (-) and possess boundary values on 
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the cut which are subject to the H*-condition and given by the Plemelj 
formula; 
(25a) 
Wb) 
n*(P) = 4P) f T c/4 (25~) 
where -1 <p < 1 and 
h(p) = 1 - 4 ,‘, f$ . (26) 
The same holds for F(z) except for the point z = p = 0. The exception is 
due to the singularity off [-(l/z), ~1 at that point. The boundary values are 
given by 
W&;f(--+), --I<p<l, PLO. 
(25d) 
Before proceeding further, we will prove the assertions made in the previous 
section on the behaviors of integrals appearing in Eq. (12) and on the 
disappearance of the singularity (iii). The former follows immediately from 
the above properties (a), (c), and (d). In view of Eqs. (16) and (18), the 
second assertion is equivalent to 
; ql(p) + /.4(0, p) - ea’p+(a, CL) +f( -$, P) = 0, -1 -=c P < 1, IL f 0. 
(27) 
Here G+,(a) is given by Eq. (19) and is holomorphic under the conditions 
(A) and (B) in the entire x-plane except for z = 0, and owing to the condition 
(Ah 
q),(p) = @y(p) = @;(cL), -1 <CL -==I 1, P # 0, (28) 
where 
@is4 = /+) -z??& {Nf(/q - ea/uY*(p) + F*(PL)I, (29) 
which follows from Eq. (19). Inserting Eqs. (28) and (29) into the left-hand 
side of Eq. (27), and using the relations following from Eqs. (25); 
rw4 l-4 = N+(P) - WPh Pk CL) = ‘y”(P) - m4 
f (- i , p) = F*(p) - F-(P), 
(30) 
TiccG = 4~) - 4~)~ 
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we get 
1.h.s. of Eq. (27). 
- eTY+(tL) - W-4 + P+(P) - W-4 
P+(P) - e+\Y-tW + F+(P) _ = @4{ 
N-(P) - @Y+(p) + WI-~ 
A’(P) A-b> i 
and using again Eq. (29), 
= ~-w&+(P) - %(P,)>~ (31) 
which vanishes in view of Eq. (28). Thus we have justified Eq. (27). 
Let us return to the conditions (A) and (B). By virtue of Eqs. (18) and (29), 
they now reduce to 
(A’) N+(d - e”‘“y+(d + F+(vL) = N-(d - ea’uY-(d + F-(tL) 
A+(P) fwt-4 
, 
--1 <p<l, PLO, (32) 
and 
(B’) ykb+,) = eT”‘“O(N( &J + F( *4}, (33) 
respectively. We shall show that these two equations provide a unique 
relation between #(O, p) and $(a, p). Assume #(O, II) known. Hence N(z) 
is known. Write Eq. (32) as 
y+(P) y-(P) ---= 
A+(P) fw4 
e-a,u N+(P) 
( 
F-CCL) -___ 
A+(P) 
N-(P) + F+(P) 
A-(P) (I+o-- ’ m-4 1 
--I <p < 1, p # 0. (34) 
The equation (34) is not considered for p = 0. This is because its right-hand 
side becomes meaningless for ~1 = 0 on account of the factor exp(-a/p) 
and the functionf [ -( l/p), ~‘1. Note that the point x = p = 0 in the z-plane 
corresponds to the point at infinity in the s-plane. However, the left hand side 
of Eq. (34) is a well-defined function on the full interval -1 < p < 1, or 
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more precisely, it satisfies the H*-condition due to the property (d) for 
y(z) and (1(z). H ence we can expect that the right-hand side of Eq. (34) has 
a definite limit for p+ 0 and, with this limit as the value at p = 0, it obeys 
the H*-condition for -1 < 1-1 < 1. A rigorous proof to this assertion can be 
found if we consider Eq. (34) separately in the interval (--I, 0) and in (0, I), 
and follow similar procedures given below. However, we will omit its detail 
here and consider Eq. (34) valid for all CL, p E (- 1, 1). 
Since the right-hand side of Eq. (34) is known by assumption and is subject 
to the H*-condition, Eq. (34) is now equivalent to the so-called nonhomoge- 
neous Hilbert problem, which is discussed in Ref. (5). Its solution requires 
a particular solution X(z) of the homogeneous Hilbert problem corresponding 
to Eq. (34); 
x+(P) x-b4 ---=o, -l</.&<l. 
A+(P) fwl4 
An appropriate solution of Eq. (35) is given in Ref. (2) as 
X(a) = 44 
(lg - 9)(1 - c) (36) 
having the properties; 
(a’) X(a) is holomorph ic in the plane cut from -1 to 1 and has no zeros in 
the cut plane. 
(b’) X(z) - f for I + co. 
(4 I-Jwl< ,2cyJ;,., O<or<l, zo= fl. 
The solution of Eq. (35) follows immediately from Eq. (36) and the use 
of Plemelj’s formula, 
where P,(2) is a polynomial of 2 of degree k. In view of the properties (b) 
and (0 ul(z)/X( 2 N 2 for 2 + co while the integral in the right-hand side > 
of Eq. (37) is of order I/2 for 2 + co. Then it follows from Liouville’s 
theorem that P*(2) should be a polynomial of degree R = 1, 
5@) = cY2 + B. (38) 
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The two constants a and fl are determined uniquely by the condition (B’) or 
Eq. (33). For this, note that from Eq. (36), 
g$ = (1 - c)($ - $) = (1 - c){(Qr - 2”) - (/L2 - z?)}, (39) 
and rewrite Eq. (37) as 
with 
+ (a’2 + B’) X(4, (40) 
and 
(42) 
Inserting Eq. (40) into Eq. (33) and noting that Q&Q) = 0, we then get 
(&a’ + B’) %btJ = ~a~‘~Wk~o) + F(z&)), (43) 
which form a set of algebraic equations for a’ and /3’. Since X(-&s) # 0, 
(see the property (a’) for X(o)), the determinant of coefficients for a’ and /3 
cannot vanish, whence Eq. (43) have unique solutions a’ and 8’. 
Thus a unique expression is possible for Y(z) in terms of N(x) and F(Z). 
Using Eq. (30), we now reduce it to an equation for $(O, p) and #(a, p). The 
equation can be written in a compact form if we introduce Case’s singular 
eigenfunctions [2]; 
f&h) = f v. p. & + $1 WJ - 4, (45) 
with normalization integrals 
I ‘, w,+) vyW dp = NV+ - 4, NV = Y lA2(v) + (?)“I . (47) 
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Using Eq. (26c), we first note 
1 1 7ricp2 
A+(P) --m = 1 -N,’ 
-$-g+-& = - y. (48) 
Then, Eqs. (26) together with Eqs. (49, (47), and (48) lead to 
N+(P) N-W ---= 
A’(P) f&4 
zzz 
and similarly to 
I 
1 1 1 
I s 
l --~ _ 
A+(P) A-(p) 27ri 
P’w4 II’) d$ 
--1 p’ - p 
A@~ CL) 1 
+ l&j + A-(p) I 2 
Y- -2 
I I 
’ 
NU 2 -1 
p’9(o’ I“) dp’ + h(,u) &(O, p) j 
P’ - P 
+- s : P’WJ $1 v’,(4) dcL’> (49) II 1 
Further, by definitions, 
Write 
(53) 
whence we have 
and 
N+(v) N-(v) F+(v) 
- - - + A+(v) 
F-W 
A+(v) fW 
- - n-o = VA(V), (55) 
N(&+,) + F( ho) = T QX( I&,> a,,+ . (56) 
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Substitution of these equations into Eqs. (40) and (43) then gives 
Y(z) = y$ j’ e-%b4(v) & + (a’2 + B’) X(-q, (57) 
1 
and 
1 -c 
~voa’ + 8’ = --$- v~2e-%z”* , (58) 
respectively. Apply the Plemelj formula to Eq. (57); 
y+(p) _ y-(,) = fl+w-wP) s’ e-a/“vA(v) dv 
-1 
~ A+(P) ; WP) 
v-p 
x e+Wl(p) + (a’~ + B’){X+(p) - X-(P)). (59) 
The sum of the first two terms in the right-hand side of the above can be 
writen by Eqs. (25~) and (45), 
s 1 P e-a'v4+ R(P) dv, (60) -1 
while, by means of Eqs. (36), (44) (58) and the partial fraction decompositions, 
we see 
II 1 
2 i 
1 1 -=- 
vo 2-g vn - P -T-T? 1 
1 1 1 
(61) 
-=- ~ 
vo 2- P2 i 2% vo _ CL +T&,* 0 
6’~ + ~B’)V*(P) - X-W = &,+e-a~Yo~o+(pL)  ~,-e+a~v~~o-(~)>. 62) 
Hence, in view of Eq. (30) or &(a, p) = Y+(p) - Y-(p), we finally obtain 
the desired equation 
t&, 4 = jy, e-a'vA(v) P)&) dv + ao+e-a'vyo+(~)  q,-ea%o-(& (63) 
where A(V) and a,& have been defined by Eqs. (53) and (54), respectively. 
Note that Eq. (63) resembles Case’s solution closely. 
As seen from its derivation, Eq. (63) is equivalent to the set of conditions 
(A) and (B). Therefore it is under the restriction of Eq. (63) that Eqs. (11) and 
(12) give the desired Laplace transforms. 
On the other hand we should note that Eq. (63) also provides a restriction 
for boundary fluxes #(O, p) and #(a, p). So far, we have not considered 
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physical boundary conditions at x = 0 and a under which Eq. (1) is to be 
solved, since our aim is to obtain a general solution of Eq. (1). However, if 
Eq. (63) is coupled with physical boundary conditions, the boundary fluxes 
can be determined. For example, consider a bare slab with the boundary 
conditions #(O, p) = 0,O < TV < 1 and #(a, r) = 0, -1 < t.~ < 0. Then we 
get from Eq. (63) a set of singular integral equations for #(O, p), - 1 < p < 0 
and #(a, p), 0 < p < 1. By the use of the Plemelj formula, we can reduce it 
to a set of regular Fredholm integral equations of the second kind and obtain 
the solutions in Neumann series. In the case of slab layers, we have Eq. (63) 
for each layer, from which, together with prescribed boundary conditions, we 
can determine the boundary fluxes. These procedures have been carried out 
[6], [7], though based on Case’s method. Note that a similar equation to 
Eq, (63) arises in Case’s method for the determination of #(O, p) and $(a, p). 
IV. SOLUTION OF TRANSPORT EQUATION 
It is now clear that the inverse Laplace transformation on Eqs. (11) and (12) 
under the restriction of Eq. (63) g ives a solution of the transport equation (1). 
However, a more simple procedure is possible. We can get the solution 
without performance of the inverse transformation. In the preceding sections, 
we have considered Eq. (1) for a slab of thickness a in the interval [0, a] and 
finally obtained Eq. (63) which rules $(O, cc) and #(a, p). Let 0 < x < a 
and repeat all the arguments made in the preceding sections for a slab of 
thickness x lying in the interval [0, x]. Then we will obtain an equation similar 
to Eq. (63). This equation is obtained by replacing a by x in Eq. (63) and 
describes the relation between t/(0, p) and t/(x, CL). The result is, 
with 
%I&) = 1 - J’ ]PW $1 + ,I 
%zt -1 
e*z’hf(x’, p’) dx’ q&p’) dp’, 
I 
(65) 
and 
e”“Y(x’, $1 dx’ 1 d/4 4’. (66) 
This is identical with Case’s solution [2] iff(x, p) = 0. A formal substitu- 
tion will show that #(x, p) thus obtained satisfies Eq. (1). With Eq. (55) and 
tbe remark made below Eq. (34) taken into account, the function 
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exp(-x/v) A(v, X) will be seen to be a well-behaved function of V. This will 
justify the substitution and moreover, will assure that Eq. (64) obeys the 
assumptions (l), (2), and (3) imposed on 4(x, p). 
In the limit x -+ +0, the right-hand side of Eq. (64) tends to #(O, p), 
which follows from the completeness of functions q&(p) and p7y(p) proved by 
Case [2], while for x = u it gives #(a, CL) in view of Eq. (63). Hence Eq. (64) 
is a solution of Eq. (1) with the boundary flux $(O, CL). Here the function 
#(O, CL) plays a role like integration constants for a general solution of a 
differential equation, and is determined by Eq. (63) and a physical boundary 
condition as stated in the last paragraph of the previous section. The equation 
(64) has the terms containing the function f(x, p). The sum of these terms 
gives a particular solution of Eq. (1). Th us we have obtained a general solution 
of Eq. (1) based on the Laplace transformation technique. 
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